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S. CAENEPEEL AND I. GOYVAERTS 

Abstract. Horn-structures (Lie algebras, algebras, coalgebras, Hopf 
algebras) have been investigated in the literature recently. We study 
Hom-structures from the point of view of monoidal categories; in par- 
ticular, we introduce a symmetric monoidal category such that Hom- 
algebras coincide with algebras in this monoidal category, and similar 
properties for coalgebras, Hopf algebras and Lie algebras. 



Introduction 

Horn-Lie algebras were introduced in [5]. They have been investigated by 
Silvestrov and his collaborators, see [11] for a survey. The idea is that the 
Jacobi identity is replaced by the so-called Hom-Jacobi identity, namely 

(1) [a(x), [y, z]} + [a(y), [z, x]} + [a(z), [x, y]] = 0, 

where a is an endomorphism of the Lie algebra. Hom-algebras have been 
introduced for the first time in [8]. Now the associativity is replaced by 
Hom-associativity: 

(2) a(a)(bc) = (ab)a(c). 

Hom-coassociativity for a Hom-coalgebra can be considered in a similar 
way, see [91 [10]. Also definitions of Hom-bialgebras and Horn- Hopf alge- 
bras have been proposed, see j9[ [TOj, 12]. The issue is that a variety of 
different definitions is possible, and that it is not clear what the good def- 
initions are. For example, sometimes it is needed that a is multiplicative 
(that is, a[a, b] = [a(a),a(b)] in the Lie case, and a(ab) = a(a)a(b) in the 
algebra case). In the definition of a Hom-bialgebra, it is not clear whether 
we should take different endomorphisms describing the Hom-associativity 
and the Hom-coassociativity, see [10] . where different endomorphisms are 
allowed, and [14], where the two endomorphisms are the same. In |T], the 
authors compare all possible variations of the definition of a Hom-algebra. 
The aim of this note is to understand Hom-structures from the point of 
view of monoidal categories. This leads to the natural definition of monoidal 
Hom-algebras, Hom-coalgebras, etc. We will construct a symmetric monoidal 
category, and then introduce monoidal Hom-algebras, Hom-coalgebras etc. 
as algebras, coalgebras etc. in this monoidal category. The remarkable thing 
is that we have to consider a category in which the associativity constraint 
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is non-trivial. 

In Section [H we associate a new monoidal category C to any monoidal cat- 
egory C. Its objects consist of pairs formed by an object of C together with 
an automorphism of this object. The associativity constraint is given by ([6]), 
and involves the automorphisms and their inverses. In Section [21 we apply 
this construction to the category of vector spaces, and look at algebras in 
the category H(Mk)- For the associativity, we obtain the formula 

(3) (ab)c = a(a)(ba~ 1 (c)), 

which is clearly equivalent to (|2|). By definition, the automorphism a of 
the algebra A has to be invertible, and it has to be multiplicative, because 
the multiplication map of A has to be a morphism in the category H(A4k)- 
Of course one can generalize the definition, and consider Hom-algebras for 
which a is not bijective (then we need to rewrite the associativity in the form 
([2]), and/or a is not multiplicative. However, in order to have nice properties 
for Hom-algebras, Hom-coalgebras, we need these extra conditions. This 
is illustrated by some of our results; for example, we prove in Proposition ^. 61 
that the category of modules over a monoidal Hom-bialgebra is monoidal, 
and the proof does not work if a is not multiplicative. 

This paper is organized as follows. In Section [TJ we introduce the Horn- 
category H(C) associated to a monoidal category C; the associativity and 
unit constraints come in two versions leading to two different monoidal 
structures on H(C), denoted H(C) and %(C). Actually, H(C) and %{C) 
are tensor isomorphic (Proposition II. 7p , leading to structure theorems for 
algebras, coalgebras,... in H(C). In Section [2j we apply our construction to 
the category of vector spaces, and this leads us to the definition of monoidal 
Hom-algebras, Hom-coalgebras and Hom-Hopf algebras. In Section El we 
generalize the Fundamental Theorem for Hopf-modules to the Horn-setting 
In Section 21 we apply our construction to the category of sets. The lin- 
earization functor then leads us to the introduction of Horn-group algebras, 
the Horn- version of group algebras. In Section \5\ we introduce Lie alge- 
bras in an abelian symmetric monoidal category, and, then, as a special 
case, Horn-Lie algebras. Compared to the Horn-Lie algebras considered in 
the literature, they also satisfy the Hom-Jacobi identity ([TJ); the additional 
requirement is that a is multiplicative. As another example of Hom-Hopf 
algebra, we introduce the tensor Hom-algebra in Section [H This is applied 
in Section [8] to the construction of the universal enveloping algebra of a 
Horn-Lie algebra. 

1. The Hom-construction 

Let C be a category. We introduce a new category H(C) as follows: objects 
are couples (ilf, fi), with M G C and \i € Autc(M). A morphism / : 
(M, fx) — > (N, v) is a morphism / : M — > N in C such that 

(4) V O / = / Q fi. 
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H(C) will be called the Horn-category associated to C. If (M, fj,) G C, then 
// : M —> M is obviously a morphism in H(C). 

Now assume that C = (C, (8), I, a, Z, r) is a monoidal category. It is easy to 
show that H(C) = ('H(C),®, (I, I), a, l,r) is also a monoidal category. The 
tensor product of (M, /i) and (N,v) in %(C) is given by the formula 

(5) {M,n)®(N,v) = (M®N,n®v)- 

On the level of morphisms, the tensor product is the tensor products of 
morphisms in C. We will now modify this construction. 

Proposition 1.1. Let C = (C,<S),I,a,l,r) be a monoidal category. Then 
H(C) = (H(C), (8, (I, I), a, I, r) is also a monoidal category. The tensor prod- 
uct is given by |2Jj. The associativity constraint a is given by the formula 

(6) a M ,N,p = a M ,N,p ° ((/" <8 N) (8 tt' 1 ) = (/x ® (JV <8 7r -1 )) o a M ,N,P, 
for (M,/j>), (N,u), (P,tt) € %{C). The unit constraints I and r are given by 

(7) Im = fJ,ol M = l M o (J (gi //) ; r M = fxo r M = r M o(n® I). 

Proof. From the naturality of a, it follows that glm,n,p and om,n,p are 
morphisms in Ti{C). Let us show that o is natural in M,N and P. Let 
/ : M ->■ M', 5 : N ^ N' and /i : P -)• P' be morphisms in %(C), and 
consider the diagram 

(M®N)®P — — (M®N)®P — > M ® (JV <8 P) 



(f®g)®h 



(f®g)®h 



f®(g®h) 



(M' ® N') (8) P' (AtW)$V > (M' (8 iV') <8 P' M' <8 (JV' ® P') 

The left square commutes since f,g,h € H(C). The right square commutes 
since a is natural. Hence the whole diagram commutes, and this shows that 
a is natural. 

We will next show that a satisfies the pentagon axiom [6, (XI. 2. 6)]. In 
the following computation, the naturality of a is used several times. For 
(M, n), (JV, u), (P, 7r), (Q, q) € 7£(C), we have 

5>MJf,P®Q ° 5>M®N,P,Q 
= clm,n,p®q o(fj,®N® (7r _1 ® g -1 )) o clm®n,p,q ° (((/•* <8 z^) 8> P) <8 

= 0>M,N,P®Q 0>M®N,P,Q 

o(((/i (8 iV) <8 vr" 1 ) <8 g" 1 ) o (((/x (8 i/) <8 P) (8 g" 1 ) 



dM,N,P®Q ° aM®N,P,Q o (((/i 2 (g) ^) (8 vr X ) (8 



2\ 



(M (8 6jv,p,q) o,m,n®P,Q ° (a,M,N,P (8 Q) 
= (M (8 a NjPtQ ) o (M (8 ((f (8 P) (8 g -1 )) o a M ,N®P,Q 

o((/x (8 (JV (8 P)) (8 g" 1 ) o (a M ,7V,p <8 Q) o (((// ® JV) ® vr" 1 ) (8 Q) 



(M (8 o,n,p,q) o a M ,N®p,Q ° {a M ,N,p <8 Q) o (((/i 2 ® z/) <8 7r~ 



-2a 
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Both expressions are equal, since the pentagon axiom holds for a. 

We will now show that I is natural: take / : M — > N in 77(C), and consider 

the diagram 




The left square commutes, by the naturality of I, and the right square com- 
mutes since / G 77(C). The naturality of f can be proved in a similar way. 
Let us finally show that the triangle axiom is satisfied. 

(M <g> l N ) o a M ,i,N - (M ® z/) o (M ® /at) o (// <g> (J ® i/^ 1 )) o aju./.Af 

= (M ® O (/I ® I/" 1 ) O (M ® i W ) O fl M| ; iJV 

= (/z <g> JV) o (r A f ® iV) = f M (8) JV. 

□ 

Proposition 1.2. 7ei C = (C, ®, J, a, Z, r, c) 6e a braided monoidal category. 
Then 77(C) = (77(C), ®, (7, 7), d, Z, f , c) is also a braided monoidal category. 

Proof. It follows from the naturality of the braiding c that cm,n is a mor- 
phism in 77(C), for all (M, /i), (JV, v) G 77(C). c is still natural if we view it 
as a natural isomorphism ® — > (gior between functors 77(C) x 77(C) — > 77(C). 
Now let us verify the hexagon axioms (H1,H2) from [6, XIII. 1.1]. We restrict 
attention to (HI), the proof of (H2) is similar. We need to show that the 
following diagram commutes, for any (M,[i), (N,u), (P, 7r) G 77(C) 



(M 8) JV) ® P • 



a M,N,P 



cm jv<8>P 

Af ® (JV ® P) : ^ (JV ® P) <g> M 



cm,n®p 



(JV g> M) ® P • 
Indeed, 



a N,M,P 



JV <g> (M <g> P) 



a N.P.M 



JV® (POM) 



0-N,P,M ° CM,N®P ° CLM,N,P 

= 0>N,P,M ° ((^ ® P) ® /U -1 ) o CM,N®P ° 0,m,N,P ((/^ ® JV) <g> 7T _1 ) 
= a>N,P,M ° cm,n®p ° (P^ 1 ® ( u ® P)) ° clm,n,p (G" ® JV) <8> vr _1 ) 
= «iV,P,A/ o CM,/V®P OM,AT,P ° ((M ® i/) ® vr _1 ); 

(JV ® Cjtf,p) ° a/V,Af,P ° C A /,jV ® P 

= (JV ® cjw,p) o aN,M,P ° {{v ® M) ® 7T _1 ) o Cm,N ® P 
= (JV ® cm,p) ° «jv,m,p ° cm,w ® P ((M ® z/) <g> vr _1 ). 
The two expressions are equal since c is a braiding on C. 



□ 



Now let us assume that C has left duality. Let M* be the left dual of M G C, 
and 6a/ : 7 — > M ® M*, (J a/ : M* (g> M — >■ 7 the coevaluation and evaluation 
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maps. We will show that 71(C) also has left duality. Recall (see for example 
[6]) that 6m and cIm have to satisfy the following formulas 

(8) r M o (Af ® d M ) o a M ,M*,M ° (hi ® Af) o Z" 1 = Af ; 

(9) hi* o (d M ® M*) o a-\ M>M . o (M* ® 6 M ) o r~l = Af*. 

We also recall the following properties. For / € Home(Af, N), we have the 
dual morphism 

/* = l M ,o(d N ^M*)o((N*®f)^M*)oa^\ jM>m o(N*^b M )or^l : N* -»• M*, 
satisfying the properties 

(10) 4fo(f®M) = d N o(N*®f); 

(11) {f®M*)ob M = (N®f*)ob N . 

Let g : TV — > P be another morphism in C. It follows from fjllH that 

(12) ({gof)®M*)ob M = (g®f*)ob N . 

For /, g : M — >• Af , we now have 

(d M ® AT) o ((/* ® M) ® 5*) o a M*,M,M* ° ( M * ® &Af) 

™ (d M ®M>((M*®/)®g> a M* ,M,M* ( M * ® 6 M ) 
= (d M ® Af*) o a M l M ,M* o (M* <8> (/ ® 5 *)) o (Af* ® 6 M ) 
® (d M <g> M*) o a^ iM>M , o (M* ® ((/ o 5 ) ® M*)) o (Af* ® 6 M ) 

(13) = (%8M>((M*8(/o 5 ))®M*)o4 iMiM , o(Af*®6 M ). 

Proposition 1.3. Suppose that C is a monoidal category with left dual- 
ity. Then 71(C) also has left duality. The left dual of (Af, //) £ 71(C) is 
(Af*, (fj,*)^ 1 ), and the left and right coevaluation maps are given by the for- 
mulas 

d~M = d M o (// <g> n) ; 6 M = (n ® /i*)^ 1 o 6 M - 

Proof. Using (|12p . we obtain that 

(/i ® (/^T 1 ) o b M = ((ji o fr 1 ) ® Af*) o 6 M = b M , 

so 6m is a morphism in 71(C). Then bu is also a morphism in 71(C). In a 
similar way, c^m is a morphism in 71(C). Now we compute 

fju o (Af ® d M ) o a M ,M*,M ° (6m ® M) o / m x 
= /ior M o(M® d M ) o (Af ® (/x* ® /i)) o (// ® (Af* ® /i~ x )) 
°a M ,M*,M ° (O^ 1 ® (^*) _1 ) ® AT) o (6 M ® Af) o o pT l 
= A* ° r Af (Af ® cZm) Q>m,m* ,M ° (bM ® Af) o o /x^ 1 
i f ,oMo f ,- l = M ] 

hi* ° (dM ® Af*) o a M 1 %M)M » o (Af* 6 M ) o f M l 
= (fi*)- 1 o ?m* o (d M ® Af*) o ((// ® jt) ® Af*) o ((/i* ® Af) ® (/i*) _1 ) 
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qyp 

(9) 



° a ~M*,M,M* ° ( M * ® fa"* ® ( M * ® M ° ^ o /x* 

(/i*) -1 o Z M * o (d M ® M*) o (((//) 2 (g) M) (8) (/i*)- 2 ) 

° a M*,M,M* ° ( M * 6m ) ° r M* ^* 

0*) _1 o Z M * o (d M ® M*) o a^ >M)M , o (M* ® 6 M ) o r^/» o // 
0*)" 1 oM* o^* = M*. 



□ 



In the same way, we can prove the following result. 

Proposition 1.4. Suppose that C is a monoidal category with right duality. 
Denote the right dual of M € C by *M , and the evaluation and coevalution 
maps by d' M and b' M . Then 71(C) also has right duality. The right dual of 
(M,fj,) £ 7t(C) is (*M, (* fi)^ 1 ), and the left and right coevaluation maps are 
given by the formulas 

d' M = d M ° (V ® z^r 1 ; b' M = (p ® » o &' M . 

Obviously, the Horn-construction is functorial: for a functor F : C — > 2?, we 
have a functor 71(F) : %(C) — > 7i(D) given by 

H(F)(M, fJ ,) = (F(M),F( fJ ,)) ; H(F)(f) = F(f). 

Proposition 1.5. Let C = (C,®,I,a,l,r) and V = (T>,®, J,b,m, s) be 
monoidal categories, and that (F,(po,(f2) is a monoidal functor C —■ T>. 
Then (71(F), ^0,^2) is a monoidal functor 71(C) — > 7i(T>). 

Proof, ipo : J — > F(I) is clearly a morphism in 7i(T>). For all (M, fj,), (N, v) £ 
U(C), ' 

ip 2 (M,N): F(M) <g) F(N) — > F(M <g) N) 
is a morphism in 7i(T>), since if2 is natural in M and iV, so that 

(p 2 (M,N) o ® F(u)) = F(n®v)o(p 2 (M,N). 
Let us now show that the following diagram commutes 

(F(M) ® F(N)) ® F(P) nM) ' FiN) ' n > ] F(M) ® (F(JV) F(P)) 



F(a M ,N,p) 



<p 2 (M,N)®F{P) 

F(M ® N) ® F(P) 

F((M ® N) ® P) 
Indeed, 

ip 2 (M, N®P)o (F(M) ® 99 2 (iV, P)) o b F{MlFmF{P) 
= ip 2 (M,N ®P)o(F(M)®<p 2 (N,P)) 

o(F(/x) ® (F(N) ® F^- 1 ))) o 6 F 

(M),F(N),F(P) 



F(M)®<p 2 {N,P) 

F(M)®F(N®P) 

tp 2 (M,N®P) 
~F(M®(N®P)) 
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= <p 2 (M,N®P) o (F(ji) ® F(iV <g> tt -1 )) 

o(F(M) <g> ip 2 (N, P)) o b F{M))F{N))F{P) 

= F(u® (N&1T- 1 )) oip 2 (M,N®P) 
o(F(M)®<p 2 (N,P))o 

= F(n ®{N(g> 7T- 1 )) o F(a M ,N,p) o <p 2 {M <g> N, P) o tp 2 (M, N) o F(P) 
= F((n ®(N® ir- 1 )) o a M ,N,p) o<p 2 (M® N, P) o <p 2 (M, N) o F(P) 
= F(a M ,N,p) <f2(M <8> N, P) o tp 2 (M, N) o F(P) . 

□ 

Proposition 1.6. We have an isomorphism of categories 

F : H(C op ) -> "H(C) op , F(M,/x) = (M,^ 1 ), F(f) = f. 

IfC is a monoidal, then F defines monoidal isomorphisms T-L(C op ) = Tl(C) op 
and H(C op ) = H(C)°p . 

Let C be a monoidal category. Our next aim is to show that the categories 
H(C) = (H(C), <8>, (I, I), a, I, r) and H{C) = (W(C), ®, (I, I), a, I, f) are tensor 
isomorphic. Let F : %(C) — > H(C) be the identity functor, and ipo : I —> I 
the identity. For M, N € H(C), we define 

ip 2 (M, N) = n®v: F(M) ® F(iV) = F(M <g> iV) -»■ F(M <g> N) = M <g> N. 

ip 2 is natural in M and N: if / : M — >■ M' and g : N — > N' are morphisms 
in H(C), then we have the commutative diagram 



M ®N ■ 



M ®N 



M'®N' 



Proposition 1.7. Let C be a monoidal category. Then the functor (F, (fo,(p 2 ) ■ 
rl(C) — > H(C) defined above is strongly monoidal. Consequently, the monoidal 
categories H(C) and H(C) are tensor isomorphic. 

Proof. We have to show first that the diagram 

&M,N,P 



(M®N)®P- 

ip 2 (M,N)®P 

(M ®N)®P 

<p 2 (M®N,P) 

(M<g,N)®P- 



a M,N,P 



M ®(N <g> P) 

M®ip 2 (N,P) 

M®(N <g> P) 

ip 2 (M,N®P) 

M®(N (g) P) 



commutes, for all (M,fi), (N,v), (P,ir) € H{C). Indeed, 

<p 2 (M, N <g> P) o (M <g> <p 2 (N, P)) o a M ,N,p 
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= (/i <g> (U <g> 7T)) O (M <g> (U ® 7r)) O ® (JV <g> 7T -1 )) o CI M,N,P 
= ® (V 2 <8> 7r)) o a M ,N,P 

= CLM,N,P ° {([J 2 ® 8> 7r) 

= o>m,n,p o ((// ® i/) g> 7r o ((/i 8i/)®P) 
= flM,7V,p o v? 2 (M ® AT, P) o (v? 2 (M, N)®P). 
Finally we need to show that the following two diagrams commute: 



I®M 

tpa<g>M 

I® M 



M 



'a/ 

M 



M 
AT 



ip 2 {M,I) 



M 
M ® I 



Indeed, 



Zm ° V2(/, M) o c/j M = l M ® (I ® M) = ^M- 
The commutativity of the second diagram is proved in a similar way □ 

The following result is well-known. 

Proposition 1.8. Let (F, cpo, ^2) be a monoidal functor between the monoidal 
categories C = (C,®,I,a,l,r) and V = (T>, ®, J, b, k, s). If A is an algebra 
in C, then F{A) is an algebra in T>, with 

m F ( A ) = F{m A ) ° <P2(A,A) ; rj F{A) = F(n) o ip . 

In a similar way, if (F, ^0,^2) is a comonoidal functor from C to T>, and C 
is a coalgebra in C, then F(C) is a coalgebra in T> with 

&F(C) = MC, C) o F(A C ) ; £ F{C ) = iPq o F(e c ). 

Since the functor (i 7 , 930,^2) from Proposition 11.71 is a strongly monoidal 
isomorphism of monoidal categories, we obtain a category isomorphism be- 
tween the category of algebras in 7i(C) and the category of algebras in %{€). 
Algebras in %{C) are easy to describe: they are of the form (A, a), where A 
is an algebra in C and a : A —> A is an algebra automorphism. 

Corollary 1.9. An algebra A inH(C) is of the following type: A = (A, a,m.A° 
(a ® a) = a o mA,T]A)> where A is an algebra in C with multiplication itia 
and unit tja, and a is an algebra automorphism of A. 

The functor (F, ifQ, 9^2) from Proposition 11.71 is a strongly monoidal, hence 
(F, (Pq 1 , f^ 1 ) is strongly comonoidal. Now we have a category isomorphism 
between the category of coalgebras in T~L(C) and the category of coalgebras 
in %{C). Coalgebras in H{C) are also easy to describe, and we obtain the 
following structure theorem for coalgebras in %{C). 

Corollary 1.10. A coalgebra C in H(C) is of the form C = (C, 7, (7 _1 ® 
7 _1 ) o Ac = Ac o 7~ 1 ,£c) ) where (C, Ac,sc) is a coalgebra in C and 7 : 
C — ^ C is a coalgebra automorphism. 
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Corollaries 11.91 and 11.101 are related to |131 Theorem 2.4] and |101 Theorem 
3.16]. We will come back to this in Section [2, see the comments following 
Proposition 12.31 and Corollary 12. 51 

Let C and V be as in Proposition 11.81 and let c (resp. d) be a braiding on 
C (resp. T>). Recall that a monoidal functor (F, tpo,^) is called braided if 
the following diagram commutes for all M, N E C. 



F(M) ® F{N) dnM) ' FiN \ F ( N ) ® F(M) 



<p 2 (M,N) 



f2(N,M) 



F(cm n) 

F(M <g> N) — — — ^ F(N ® M) 

Assume that F is strongly monoidal, and that H is a bialgebra in C. It 
follows from Proposition 11.81 that F(H) is an algebra and a coalgebra in T>, 
and it is easy to show that it is even a bialgebra in T>. Let us now show that 
we have a similar property for Hopf algebras. 

Let A be an algebra and C a coalgebra in C. The set Homc(C, A) is a 
monoid; the operation is the convolution product f * g = tha ° (/ ® <?) Ac"; 
and the unit element is rj^o e c . Recall that a bialgebra H in C is called a 
Hopf algebra if the identity morphism H of H has an inverse S in Endc(iJ), 
called the antipode. 

Lemma 1.11. Let F : C — "D be a strongly monoidal functor, A an algebra 
in C and C a coalgebra in C. Then for f,g€ Homc(C, A), we have that 

F(f*g)=F(f)*F(g). 

Proof. From the naturality of (f2, it follows that the diagram 

(14) F(C)®F(C) MC ' C) . F(C®C) 



F(f)®F(g) 



F(f®g) 



F(A) <g> F{A) MAA) * F(A <g> A) 
commutes. Then we easily compute that 
F(f) * F(g) = m F[A) o (F(f) ® F( 5 )) o A F(C) 

= F(m A ) o m (A, A) o (F(/) F(g)) o ^(C, C) o F(A C ) 
W %o(/ 8j )oA c ) = f(/tj). 

□ 

As a consequence, we immediately obtain the following result. 

Proposition 1.12. Let (F,(po,ip2) be a strongly monoidal braided functor 
between the braided monoidal categories C and T>. If H is a Hopf algebra in 
C, then F{H) is a Hopf algebra in T>. 
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Proof. We have already seen that our result holds for bialgebras. If S is an 
antipode for H, then it follows from Lemma 1 1 . 1 1 1 that F(S) is an antipode 
for F(H). □ 

The proof of our following result is straighforward. 

Proposition 1.13. Let C be a braided monoidal category. Then the monoidal 
functor (F,LfQ,ip2) from Proposition \1. 7| is braided. Consequently rl{C) and 
H(C) are isomorphic as braided monoidal categories. 

We now immediately obtain the following structure theorems for bialgebras 
and Hopf algebras in Ti(C). 

Proposition 1.14. A bialgebra H in H(C) is of the following type: H = 
(H,a,mn ° (oi®a),r]A, A-h oa^ 1 , eh), where (H,mH,T)H, Aff,e#) * s a bial- 
gebra in C, and a € Aut c{H) is a bialgebra automorphism. H is a Hopf 
algebra in H(C) if H is a Hopf algebra in C. 

Remark that we do not have to impose that the antipode S of H com- 
mutes with a (equivalently, a is a Hopf algebra isomorphism): this follows 
automatically from the fact that a is a bialgebra isomorphism. 

2. Monoidal Hom-Hopf algebras 

Let A: be a commutative ring. The results of Section [1] can be applied to 
the category of /c-modules (vector spaces if A; is a field) C = M.k- Let 
(M, /jl), (N, u), (P, 7r) G 7i(Mk)- The associativity and unit constraints are 
given by the formulas 

aM,N,p{(m <8> n) ®p) = n{m) ® (n ® vr _1 (p)); 

Im(x ® m) = rM(m ® %) = xfi(m). 
An algebra in H(Aik) will be called a monoidal Hom-algebra. 

Proposition 2.1. A monoidal Hom-algebra is an object (A, a) € H(A4k) 
together with a k-linear map uia '■ A® A — > A and an element 1a € A such 
that 

(15) a(ab) = a(a)a(b) ; q;(1a) = 1a> 

(16) a{a)(bc) = (ab)a(c) ; oIa = 1a« = oc(a), 
for all a,b,c € A. Here we use the notation rriAifl <8> b) = ah. 

Proof. Let (A, a, tha, v) be an algebra in T-C(Mk)- Let vO-) = ^-A- The 
fact that the structure maps tua and t\a are maps in H(A4k) is expressed 



MONOIDAL HOM-HOPF ALGEBRAS 



11 



by (fT5|) The associativity of the multiplication map m is expressed by the 
commutativity of the following diagram: 



(A ® A) ® A • 



m^igiA 




or, for all a, 6, c 6 A 

(o6)c = a(a)(6a~ 1 (c)), 
which is equivalent to the first formula of (|16|) . The unit condition is ex- 
pressed by the commutativity of the diagram 



k®A 



A® A- 




A®k 



which is equivalent to the second formula of (JTBj). □ 

Remark 2.2. The Hom-associativity condition in (flB]) first appeared in [8j 
Def. 1.1]. In [8], a Horn- associative algebra is a triple (A; ha', ct) , with a 
linear space A, a linear space homomorphism (linear map) a : A — > A and 
a bilinear multiplication //^ : A ® j4 — > j4 satisfying the Hom-associativity 
condition in the first equation in (|16j) . The authors of [8] do not impose that 
a is injective, nor that ha satisfies the first equation of (|15p . nor that the 
algebra has a unit in any sense. In [8] and [2], the authors consider also the 
subclass of unital Horn-associative algebras. For the unital Horn-associative 
algebras they require the existence of 1a £ A such that al^ = l^a = a, 
for all a G j4, a condition that is clearly different from the second equation 
in (I16p . It should be also mentioned here that the unitality condition in 
([TBI) has been introduced and studied in detail in [2] where it is called weak 
unitality (see [21 Def. 2.1]). 

Now let (A,*, a) be a Horn-associative structure in the classical sense of 
[8j: a : A — > A is /c-linear, and * is a multiplication on A satisfying the 
first equality in (JT6J). Gohr 0] calls A a twist if there is an associative 
multiplication • on A such that a * b = a(a ■ b), for all a, b £ A. Sufficient 
conditions for A to be a twist are discussed in great detail in [lj [2j O 2] . For 
example, the twist property can be characterized completely in the situation 
where a is surjective, see 01 Prop. 2]. In our situation, the condition that 
a is bijective is essential, see the definition of the monoidal categories H(C) 
and H(C) in Section [TJ Then Proposition 12.11 tells us that A is a twist, and 
this is essentially a consequence of the monoidal equivalence discussed in 
Proposition 11.71 
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From Corollary 11.91 we immediately obtain the following result. 

Proposition 2.3. A monoidal Rom-algebra is of the form A = (A, a, tua ° 

(a <g> a) = a o rriA,T]A) where [A^mA^A) *s an algebra in the usual sense, 
and a G Aut (A) is an algebra automorphism. 

The fact that A is a Hom-Hopf algebra was shown before in |13 s Theorem 
2.4]. 

A coalgebra in T-L(Mk) will be called a monoidal Hom-coalgebra. 

Proposition 2.4. A monoidal Hom-coalgebra is an object (C, 7) G %{M.k) 
together with k-linear maps A : C — )• C ® C, A(c) = C(i) (g) C(2) (summation 
implicitly understood) and e : C —¥ k such that 

(17) A( 7 (c)) = 7 (c (1) ) ® 7 (c (2) ) ; e( 7 (c)) = e(c); 

and 
(18) 

7 1 (c (1) )(g)A(c ( 2 ) ) = A(c (1) )®7 ^c^)) ; c (1) e(c (2) ) =e(c (1) )c (2) =7 x (c), 
/or a// c G C. 

Proof. Let (C, 7, A, e) be a coalgebra in T-L{M. k ). (fT7|) expresses the fact that 
A and e are morphisms in %{JV[f t ). The coassociativity of A is equivalent 
to the commutativity of the following diagram 

c c A ®° * (C®C)®C 



°-C,C,C 




C®(C®C) 



or 



7(C(1)(1)) ® C (1){2 ) ® 7 1 ( c (2)) = C(l) ® A(c {2 )), 

for all c G C, which is clearly equivalent to the first formula in (|18p . The 
counit property is handled in a similar way. □ 

From Corollary 11.101 we immediately obtain: 

Corollary 2.5. A monoidal Hom-coalgebra is of the form C = (C, 7, (7 _1 ® 
7 _1 ) o A = A o 7 -1 ,e), where (C, A,e) is a coalgebra and 7 : C ^ C is a 
coalgebra automorphism. 

Hom-coalgebras have been introduced by Makhlouf and Silvestrov in [9], 
and were studied in [10] and [13] ■ In |10t Theorem 3.16], it is observed that 
C, as considered in Corollary 12.51 is a Hom-coalgebra. 
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A monoidal Hom-bialgebra H = (H, a, m, rj, A, e) is a bialgebra in the sym- 
metric monoidal category ~H(Mk). This means that (H,a,m,rj) is a Hom- 
algebra, (H, a, A, e) is a Hom-coalgebra and that A and e are morphisms of 
Horn- algebras, that is 

A(bb') = A(6)A(6') ; A(1 B ) = 1b ® Is; 

e(M/) = e(6)e(i/) ; e(l B ) = 1. 
From Proposition 11.141 it follows that a Hom-bialgebra is of the form H = 
(H,a,m o (a ® a), rj, A o a _1 ,e), where (H,rn,rj, A,e) is a bialgebra and 
a : H — > H is a bialgebra automorphism. 

We now present a categorical interpretation of the definition of a monoidal 
Hom-bialgebra. We can consider modules over a Hom-algebra A = (A, a). 
A left (A, a)-Hom-module consists of (M, fi) G 7i(A4k) together with a mor- 
phism tp : i®M-> M, tp(a ® tji) = am, in %{Adk) such that 

(19) a(a)(6m) = (ab)n(m) and l^m = (J*(m), 

for all a G A and m G M. The fact that -0 G Tl{M.k) means that 

(20) fji{am) = a{a)n(m). 

A morphism / : (M, //) — >• (N,u) in T-L{M k ) is called left A-linear if it 
preserves the A-action, that is, /(am) = af(m). XH^M-k) will denote the 
category of left (A, a)-Hom-modules and A-linear morphisms. 

Proposition 2.6. Let H be a monoidal Hom-bialgebra. Then H*H(A4k) has 
a monoidal structure such that the forgetful functor HH(Adk) ~ * H[-M.k) is 
strongly monoidal. 

Proof. Take (M, y), (N, u) G aH{Mk). (M ®N,n®v)e H K(M k ) via the 
left fraction 

/i • (m ® re) = hrurn ® h^n. 

Let us verify the associativity and unit conditions: for all h,k G H , m G M 
and n £ JV, we have 

a(/i) ■ (k ■ (m® n)) = a(h) ■ (k^m ® fc ^^n ) 

= a(^)(i)(fe(i)w) a(/i)(2)(fc(2)n) = a(/i (1) )(/c (1) m) ® a(/i (2 ))(/c (2 )n) 
= (ft( 1 )fe( 1 ))/i(m) (8) (h(2)k( 2 ))v(n) = (hk) ■ (Qu ® i/)(m ® re)); 
1b • (m ® n) = 1b • m ® 1b • n = (/i ® i/)(m ® n). 
([20|) is satisfied since 

(H ®v){h- (m ® n)) = y(h^m) ® v(h( 2 ) n ) 

= a(/t(!)))«(m) ® a(/i( 2 ))^(n) = a(/i) • ((/u ® i/)(m ® n)). 

On A;, we define a left //-action as follows: h-x = e(h)x. It is straightforward 
to show that (k, k) G B%(A4fc). Let us also show that the associativity and 
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unit constraint are left //-linear. For all h G H, m G M, n G N and p £ P, 
we have 

aM,N,p(h ■ ((m (g) n) <g>p)) = a M ,N,p((h(i)(i)m <g> fyi)(2)ra) ® h(2)P) 

= Mfyi)(i) m ) ® ( /l (i)(2) n ® 7r_1 ( /l (2)P)) 
= /x(a _1 (/i (1) )m) <g> (/i( 2 )(i)n) <g> vr~ 1 (a(/i (2 )(2))p)) 
= h {1) p{m) <g> (^( 2 )(i)n (8) fr(2)(2)7r _1 (p)) 
= /i- (/x(m) (8) (n<g>7r -1 (p))) 
= h- a M ,N,p((m®n) ®p); 
lu(h • (x <S> m)) = e{h)xp{m) = h ■ Im(x <8> m). 

□ 

Remark 2.7. For a bialgebra in A4fc, we also have the converse property. 
Let H be a /c-algebra, and assume that we have a monoidal structure on 
hM such that the forgetful functor jjM — > At is strongly monoidal. Then 
a bialgebra structure on i/ is defined as follows: A(/i) = /i • (1# (8) 1#) and 
e(/i) = h ■ lfc. This bialgebra structure determines the monoidal structure 
on completely: for m G M, n G N, define / m : H ^ M , g N : H -> iV 
by / m (/i) = h-m, g n {h) = h ■ n. From the fact that / m <8> <? ra G hA-1, it then 
follows that /i • (m <g> n) = hi-y\ ■ rai <8> /i(2) ■ ra- 
in the Horn case, the first part of this argument still applies: we have a 
monoidal Hom-bialgebra structure on H. The problem is that it does not 
determine the monoidal structure completely: the problem is that f m and g n 
are not morphisms in H(Mk)- Otherwise stated: (H,a) is not a generator 

of H n(M k ). 

Now let C = (C, 7) be a monoidal Hom-coalgebra. A right (C, 7)-Hom- 
comodule is an object (M, p) G T-L(Mk) together with a /c-linear map p : 
M — s> M (g> C, notation p(m) = mr ] <S> mm in %{M.k) such that 

Ai~ 1 (m[o])®Ac(m [1 ]) = m[o][o]®(ra[ ][i]®7 -1 ( m [i])) andm [0] e(m [1] ) = /x _1 (m) 

for all m G M. The fact that p G Tl{AAk) means that 

P(/*M) = M m [o]) ® 7(»W[i])- 
Morphisms of right (C, 7)-Hom-comodule are defined in the obvious way. 
The category of right (C, 7)-Hom-comodules will be denoted by %(Mk) C ■ 

Proposition 2.8. Let H be a monoidal Hom-bialgebra. Then %{M.k) H has 
a monoidal structure such that the forgetful functor %{M. k ) H — > %{M. k ) is 
strongly monoidal. 

Proof. Take (M,p), (N, v) G H(M k ) H ■ Then (M <g> N, p ® v) is a Hom- 
comodule: 

p{m <S> ra) = m[ ] <8> n[ ] <8> m^tij!]. 

□ 
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Let (C, 7) be a Hom-coalgebra, and (A, a) a Hom-algebra. Then (Hom(C, A), 
ao — oj^ 1 ) is a Hom-algebra with the convolution as product, and unit i] oe. 
This result can be found in [9j Theorem 3.15] and [101 Prop. 3.4]. The proof 
is a straightforward computation. 

For M,N G H(Mk), let Hom n (M,N) be the submodule of Hom(M, N) 
consisting of A;- linear maps M — > N that are morphisms in H(Mk)- 
Let (C, 7) be a monoidal Hom-coalgebra, and (^4, a) a monoidal Hom- 
algebra. It is then easy to show that Hom^(C, A) is an associative algebra 
with unit r/ o e. 

A monoidal Hom-Hopf algebra is by definition a Hopf algebra in T-L(A4k)- 
It follows that a Hom-bialgebra (H, a) is a monoidal Hom-Hopf algebra if 
there exists a morphism S : H — > H in H(Aik) (i.e. S commutes with a) 
such that S*H = H*S = r]oe. Monoidal Hom-Hopf algebras are examples 
of Hom-Hopf algebras, as intoduced in [9]. We finish this Section with some 
elementary properties of the antipode. The fact that 5(1) = 1 and eo5 = £ 
has been observed before in [9l Prop. 3.14] and pHl Prop. 3.23]. 

Proposition 2.9. Let H be a monoidal Hom-Hopf algebra. Then 

S(hk) = S(k)S(h) ■ S(l) = 1; 

A(S(h)) = S(h {2) ) ® S(h {1) ) ; e o S = e. 

Proof. We will only prove the first statement. Consider the morphisms 
F, G G Hom n (H <g> H, H) given by 

F(h ®k) = S(k)S(h) ; G(h k) = S(hk). 

We show that G is a left inverse, and F is a right inverse for the multiplica- 
tion map m. This implies that F = G, which is the first formula. 

(G * m)(h ®k) = S'(/i(i)A;(i))/t(2)A;(2) 

= S({hk) {1) )(hk) {2) = e(hk)l H ; 

(m * F)(h ® k) = (h {1) k {1) )(S(k m )S(h {2) )) 

= ((a- 1 (/ l( i))a- 1 (fc(i)))5(A; (2) ))a(5(/ l{2) )) 
= (^(i)(a~ 1 (A:(i))a~ 1 (5(A: ( 2))))a(5(/i { 2))) 

= (V)"~ 1 (fyi)S , (fc (2 ))))a(S'(/i ( 2))) 
= (h {1) a-\e(k)l H ))a(S(h {2) )) 

= e(k)(h {1) l H )a(S(h (2) )) 

= e(k)a(h(i))a(S(h(2))) = e(k)e(h)l H . 

□ 

3. Hom-Hopf modules and the Fundamental Theorem 

Throughout this section (H, a) will be a monoidal Hom-Hopf algebra. A 
right (H, a)-Hom-Hopf module (M, ^) is defined as being a right (H, a)- 
Hom-module which is a right (H, a)-Hom-comodule as well, satisfying the 
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following compatibility relation: 

(21) p(mh) = m [0 ] h (0 ) ® mpj fyi) , 

whenever m G M and h £ H. Considering the Hom-algebra morphism 
A : H —■ H ® H, (M ® H, p ® a) becomes a right (iif, a)-Hom-module 
(by putting (m (8> /i)<? = mgm ® /i<?(2) for any m € M and h,g £ H). The 
compatibility relation (|2ip then means that p is a morphism of right (i? , a)- 
Hom- modules. 

A morphism between two right (H, a)-Hom-Hopf modules is a /c-linear map 
which is a morphism in the categories U{M k ) H and H{M k ) H at the same 
time. %(.Mfc)!/ will denote the category of right (H, a)-Hom-Hopf modules 
and morphisms between them. 

Let (N, v) € 'H(Aik)- Consider (N<g)H, z^®a) and the following two k- linear 
maps: 

ip : (N ® H) ® il N ® H, ip((n ® h) ® g) = v(n) ® ha~ l (g)- 

p : N ® H -> (N ® H) ® H, p{n®h) = (^ _1 (n) <g> h {1) ) ® /i (2) . 

It is easily checked that -0) resp. p define a right (H, a)-Hom-module, resp. 
right (H, a)-Hom-comodule structure on (N ® H, v ® a), and that the com- 
patibility relation (I2ip is satisfied. This construction is functorial, so we 
have a functor: 

F = (- ® F, - ® a) : U(M k ) -»• H(M k )%. 

Let (M, //) be a right (//, a)-Hom-Hopf module and consider the set 

M coH = {meM | p(m) = ® 1}> 

then (M co/f ,P\ M coh) € 7i(Mk)- This construction is also functorial, so we 
have a functor: 

G = (-r H :U{M k )%^U{Mk). 

Theorem 3.1. (F, G) is a pair of inverse equivalences. 

Proof. 1) We first show that (F, G) is a pair of adjoint functors. The unit and 
the counit of the adjunction are defined as follows. For (M,p) € T-i(M k )^, 
£ (M,ti) '■ (M coH ® H, P\m coH ® a ) ~ * (M, p) is defined by the formula 

£ {M,n) {rn®h) = rah. 

£ (m,im) is a morphism in T-L(Aik)n, and it follows from the compatibility 
relation (|2ip that it is a morphism in Ti.{M. k ) H as well. For (N, v) € H(Mk), 
we define f]^N,v) '■ (N, v) — > ((N ® H) coH , (y ® c 0|(jv<g>.H') co - Er ) as follows: 

V(N,v)(n) = v~\n) ® 1. 

VtN.v) 1S well-defined since PN®H{v~ l (n) ® 1) = (z;~ 2 (n) ® 1) ® 1 = (i/ ® 
a) _1 (^ _1 (n) ® 1) ® 1, for all n € N. 
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For (N,v) G H(Mk) and (M,/x) G U{M k )Hi n £ N, h <E H and m € M, 
we easily compute that 

( £ F(N,v) ° FV(N,v))( n <%>h) = (i/ _1 (n) (8) = n®h; 

(.G£{M,n) f?G(M,/i))( rn ) = M^Ml-ff = M/^M) = m. 

2) Let us now prove that e is a natural isomorphism. Let (M, /x) be a right 
(iif, a)-Hom-Hopf module, and take m 6 M. Then m\Q]S(m\i\) G M coH , 
since 

p(m [0] S'(m [1] )) = m IO ][o]%[i])(i) ® ™ [0 ][i]SV[i])(2) 

= m [0][0]5'(" 1 [l](2)) ® m [0][l]^( m [l](l)) 

= m [o][o]« _1 (5'( m [i])) ® «("»[o][i](i)5(m[ ][i](2))) 

= m [o][o]« _1 (5'(" 1 [i])) ® «(^(e("»[o][i]))) 
= n»[o][ ]a" 1 (5(m [1 ])) ® e(m [0][1 ])l H 
= /i _1 (m [0 ])Q! _:L ( 1 S'(m[i])) <g> 
= M _1 ( m [o]S(m[i])) ® Iff- 
Now we define a : (M, m) ->■ (M coH ® F, /i|jv/coH (8 a) as follows: 

a(m) = m[ ][o]5'(m[o][i]) <8> m^j. 
a is the inverse of £(Af,^) : for all m G M, we have 
£(Jitf,Ai)(oM) = ^(M^)(m[ ]io]S{m mi] ) ® m {1] ) = e {M ^ } {m [0] ® 7y(e(m[i]))) 
= £(M, M )(^[o]£( m [i]) ® 1//) = e(j\/, M )(M _1 M ® Iff) = m. 
and, for m' G M coi/ and h £ H, 

a(£(M, M )0' ® M) = ( m ' /i )[o][o]-S'(( m '^)[o][i]) ® (jn'h)[i] 
= (/i" 1 (m / )[ ]/i(i)(i))5'(^~ 1 (m / )[i]/i(i)(2)) ® lfffy 2 ) 
= (M _1 ( m [o])Ni)(i)) S '( Q;_1 ( m [i]) /l (i)(2)) ® «0(2)) 
= {^ 2 (m')h {lKl) )S(a(h {1){2) )) ® a(/i (2) ) 
= /i _1 (m')(/i(i)(i)S'(/i( 1 )(2))) ®a(7i(2)) 
= /j~ (m')lff ® e(/i( 1 ))a(/i( 2 )) = m' <8> /i. 

3) Finally, we will show that 77 is a natural isomorphism. Take (N, u) G 
W(.Mjfe) and n ® /i G (JV g> F) coH . Then 

/o(n (8) /i) = (z^ -1 ^) (8 h(iy) (g> fy 2) = (v~ l (n) <g> a~ l (h)) ® 1 H . 
Applying (y ® e) ® a to both sides of this equation, we obtain that 

(n ® e(h(x))) <8> Qt(/i( 2 )) = (n ® e(/i)) ® 1//. 
Now define (3 : ((iV ® H) coH , v ® ol\{n®hy° h ) ~* ( N > v ) ^ tne formula 

/3(n ®h) = u(n)e{h). 
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j3 is the inverse of rj^^y. for all n <8> h G (N ® H) c we have 

V(N,v)(P( n <S> h)) = v~ l (v(n)e(h)) ®\r = ne(h) <g> 1// 
= n ® e(/ift))a(/i(2)) = n (g> a _1 (a(/i)) = n(&h 
and for all n G N, we have (/3 o rj^ N ^){n) = v(y (ji)£(1h)) = n. □ 

4. HOM-GROUP ALGEBRAS 

The first example of a classical Hopf algebra is a group algebra. We will 
now generalize this example to the Horn situation. 

Recall that ( Sets , x, {*}) is a monoidal category. The linearization functor 
L : Sets — > M.k, L(X) = kX being the free k- module with basis X, is 
strongly monoidal, and preserves the symmetry. It is an easy exercise to 
show that algebras in Sets are monoids; every set X has a unique structure 
of coalgebra in Sets , namely 5{x) = (x,x) and e(x) = *, for all x G X. 
This coalgebra structure makes every monoid a bialgebra in Sets . Finally a 
Hopf algebra in Sets is a group. Applying the functor L, we obtain algebras, 
coalgebras etc. in Ad^, as it is well-known. 

The Horn-construction discussed in Section [1] is functorial in the following 
sense: for a functor F : C —> V, we have a functor %{F) : %{C) — > H(T>) 
given by 

H(F)(M,n) = (F(M),F(jj,)), U(F)(f) = F(f). 
If C and T> are monoidal categories, and F is strongly monoidal, then we 
have strongly monoidal functors 

U(F) : U(C) ->■ U(V) and H(F) : U{C) -)■ H{V). 

In particular, we have a strongly monoidal functor 'H(L) : %(Sets) — > 
H(M k ). 

The results of Section Q] give us structure Theorems for algebras, coalge- 
bras,... in % ( Sets ). For example, let X be a set, and £ a permutation 
of X. Consider the maps 5 : X — > X x X , e : X — > {*} given by 
= (£ -1 (x), £ _1 (x)), e(x) = *. Then (X,£,6,e) is a Hom-comonoid 
(that is, a coalgebra in %(Sets)), and every Hom-comonoid is of this type, 
by Corollary [TIOJ 

In a similar way, if <p is an automorphism of a group G, then (G, <p) with 
structure maps 

g-h = ip(gh), rj(*) = 1 G , 5(g) = (ip^ 1 (g) , ip' 1 (g)) , 

e(g) = *, S(g)=g-\ 

is a Horn-group, that is a Hopf algebra in 7^ (Sets). Applying the linearization 

functor %(L) to a Hom-comonoid, a Hom-monoid, or a Horn-group, we 
obtain resp. a Hom-coalgebra, a Hom-bialgebra, a Hom-Hopf algebra. The 
image under %(L) of a Horn-group is called a Horn-group algebra. It is the 
free fc-module with basis G, and the above structure maps extended linearly. 
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5. MONOIDAL HOM-LlE ALGEBRAS 

Consider parenthized monomials in n non-commuting variables X\ , X n , 
such that every variable Xi occurs one time in the monomial. Examples of 
such polynomials in de case n = 4 are (X\Xs){X2X±), Xi{X4,{X^X 2 )) etc. 
Let U n be the set of all these polynomials. We describe these polynomials. 
If we delete the parentheses in P G U n , then we obtain a monomial of the 
form X a t\\X a M\ ■ ■ ■ X a r n \, where a G S n is a permutation of {1, • • • , n}. 
Thus we obtain a surjection U n — > S n . 

Consider the polynomials P G U n such that the corresponding permutation 
in S n is the identity; such polynomials are in bijective correspondence to T n , 
the set of planar binary trees with n leaves and one root (see for example 

Thus we can consider U n as the direct product T n x S n : for a G S n , ip G T n , 
take the polyniomial X1X2 ■ X2 with parenthesis corresponding to a, and 
then permute the variable X\, ■ ■ ■ ,X n using a. The cardinality of T n is the 
n— 1-th Catalan number C n = (2n — 2)!/((n — l)!n!), #(S n ) = n\, so we find 
that #(U n ) = (2n - 2)!/(n - 1)!. U n is a right S" n -set: (tp,cr)a' = (ip,aoa'). 
We embed T n in U n by identifying tp and (ifi,e). 

Now assume that C is a symmetric monoidal category with symmetry c, and 
take u = ipa G U n . We have functors 

p a : C n ^C n , Pa (Mi,--- , M n ) = (M cr ( 1 ), • • • ,M CT(n) ) 

and : C n — > C, where V'( ( X ) )(-^i, ■ ■ • 5 -^n) is the V'-parenthized n-fold 

tensor product Mi <g> M 2 <g) ■ ■ ■ <g) M n . Let ® u = o p CT : C n ->• C. Take 
■Ujii' G J7 n . Using compositions of the associativity constraint a and the 
symmetry c, tensored up with some identity natural transformations, we 
can construct a natural transformation 

b(u,u') : <g> M 

It follows from the coherence conditions of a and c that this natural trans- 
formation is unique. 

We fix an element t n G T n corresponding to the following parenthized mono- 
mial: 

X l (X 2 (---(X n _ l X n ) ■■■)). 

t n can be defined recursively as follows: t n = t 1 Vi n , where t 1 is the unique 
element of T , and V denotes the grafting of trees, see |12j . 
Let r be the nontrivial element of S2, and s £ S3 the cyclic permutation 
s(l) = 2, s(2) = 3, s(3) = 1. Then we easily compute 

b(t 2 ,t 2 r) =c: (g> t2 = (g> -> 0* V = ® o p T ; 

b(t 3 ,t 3 s) = a o (c (8) l c ) o a -1 o (l c ® c) : <g>* 3 ->• (g)* 3s ; 
b(t 3 ,t 3 s 2 ) = (l c ®c)oao(c® lc) doT 1 : ®* 3 ->• (g)* 3 ^. 
In particular, for L G C, we have the following morphisms in C: 

b(t 3 ,t 3 s) L ^ L , b(t 3 , t 3 s 2 ) L ^ L : L <g> (L ® L) L ® (L ® L). 
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Definition 5.1. Let C be an abelian symmetric monoidal category. A Lie 
algebra in C is an object L G C together with a morphism I = [—,—] : 
L ® L — > L such that 

(22) lo(id + c L)L ) = 0, 
and 

(23) I 2 o (id + b(t 3 ,t 3 s) L ^ L + 6(i 3 , t 3 s 2 )i,L,i) = 0, 
where I 2 = I o (L ® 

In the case where C = .Mfc, we recover the classical definition of a Lie 
algebra. Let us now compute what comes out if we take C = 7i(Mk)- Let 
(L, a) G 7i(Mk), and [—,—]: L®L^La morphism in T-L(A4k) (that is, 
[a(x),a(y)] = a[x,y]). Then condition ([22]) is equivalent to 

[x, y] + b, x] = 0, 

for all x, y G L. Now we easily compute that 

b(t 3 ,t 3 s) LtLtL (x ® (y ® z)) = a(z) ® (a _1 (x) ® y); 

b(t 3 ,t 3 s 2 ) LtL)L (x® (y® z)) = a(y) ® (2 ® af 1 ^)). 
([23]) is therefore equivalent to 

fc, b, *]] + [«(y)> a" 1 («)]] + [<*(*), [a -1 (^)) y]] = 

or, replacing x by a(x), 

[(x(x), [y, z]] + [a(y), [z, x]] + [a(z), [x, y]] = 0, 
which is the Hom-Jacobi identity. 

6. The tensor Hom-algebra 

Let C be an abelian symmetric monoidal category satisfying Ab3, and M G 
C; we use the notation introduced in Section [U We write T°(M) = /, 
the unit object of C, and T n {M) = ®*"(M, M, ••• ,M), and consider the 
coproduct 

oo 

T(M) = ]J T n (M). 

ra=0 

For n, m > 0, consider the morphism 

b{t n Vt m ,t n+m ) M ,-,M ■ T n (M) ® T m {M) = ®*" v * m (M, • • • ,M) 
-> T n+m (M) = ®*" +m (M,--- ,M) ^T(M); 
in the case where n = or m = 0, we consider 

/ T -(M) : / ® T m (M) -> T m (M) ; r T »(M) : T n (M) ® J ->• T n (M). 
Using the universal property of the coproduct, we obtain a morphism 
m: T(M)®T(M) = ]J T n (M) ® T m (M) -4 T(M) 

n,m>0 
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We also have the coproduct morphism r/ : I — > T(M). Then (T(M),m,rj) 
is an algebra in C. The associativity of M follows from the uniqueness of 
the natural transformation b{ip,^'). 

T(M) satisfies the universal property of the tensor algebra. Let A be an 
algebra in C, and / : M — >■ A in C. For every n > 0, we have the map 

<»*"(/, /,■■■,/): ®* n (M,--- ,M)=V\M)^® tn {A,--- ,A). 

We also have the multiplication map 

m n A : ® tn {A,--- ,A) -»■ A 

Consider the composition 

/ n = m5o®*»(/,/,. -.,/): T n (M) ->■ A 

Using the universal property of the coproduct, we obtain / : T(M) — > A 
/ is an algebra map, and the diagram 




commutes. We can apply the universal property of the tensor algebra to 
define a Hopf algebra structure on T(M), as in the classical case. Denote 
the tensor product of T{M) with itself by T(M)®T(M). The morphism 

r T(M) * + l T(M) T{M)®T{M) 

in C induces A : T(M) T(M)®T(M). The null morphism : M -> / 
induces e : T(M) — > /. Homc(M, M) is an abelian group, and the identity 
morphism M of M has an oppositie — M. The map zo(— M) : M — > T(M) op 
induces S : T(M) ->■ T(M) op . 

It is easy to show that H(Mk) is an abelian category satisfying AB3, so we 
can apply our construction to (M,/x) € U{M k ). Now T(M,/i) = (T(M) = 
LI^o Tn ( M )' T (/ u ))' where T (^) is constructed as follows. For every n > 0, 
we have the automorphism <8>*™(/x, • • • ,n) = T n (fx) of T n (M); also let T°(fi) 
be the identity map on fc. For every n € N, consider i n o T n (fi), where 
i n : T n (M) — )■ T(M) is the natural inclusion. Applying the universal 
property of the coproduct, we optain T(/i). 

In order to describe the structure maps on T(M), it is convenient to identify 
O n (M, • • • , M) and ® u (M, • • • , M) using b(u,u'), for any n, «' € C n . For 
example, take m,n,p € M, and consider m <g> n € T 2 (M) and p G T 1 (M). 
Then 

(m (8) n)p = (m®ra) <8>p = /x(m) (8) (n ® ^(p)) G T 3 (M). 
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The unit element is 1 G k = T (M). On M, the cotensor product is defined 
as follows: 

A(m) = 1®> -I (m) + /z _1 (m)®l G T(M)®T(M). 

The Hom-coassociativity of A can be verified directly for m G M: 

(T(/z) -1 ®A)A(m) 

= 1® 1®>~ 2 (m) + 1® /u" 2 (m)® 1 + /x -2 (m) ® 1® 1 
= (A®r( M )- 1 )A(m). 

A extends multiplicatively to T(M). Let us finally compute S on T l (M) for 
i = 1,2, 3. Let m,n,p G M. 

5(m) = — m ; 5(m ® n) = S'(n) ® 5(m) = n ® m; 
S(m ® (n ®p)) = <S(n ® p) ® 5(m) = — (p® n) ® m = —/J.(p) ® (n ® pT (m)). 

7. HOM-IDEALS, COIDEALS AND HOPF IDEALS 

Let (M, //) G T-L{M k ). A /c-submodule iVcMis called a subobject of (M, /i) 
if /U restricts to an automorphism of N, that is, (N,fi\ N ) G 7i(Mk)- I n this 
case, /U induces an automorphism /Z of M/A^ and (M/N,~p) G T-L{Mk)- 
Now let (A, a) be a Hom-algebra. A subobject I of (A, a) is called a (two- 
sided) Horn-ideal of (^4, a) if (AI)A = A{IA) C I. If A C A is a subset of 
A, then 

I = {^(aja ni (xj))6i \ a,i,bi £ A, me Z, Xj G X} 

j 

is the Horn- ideal generated by X. Obviously, if a(X) = X, then 

I = {^2(aiXi)bi | di,bi G A, Xi G X}. 

j 

If I is a Horn-ideal of (A, a), then (A/I, a) is a Hom-algebra. 

Now let (C, 7) be a Hom-coalgebra. A subobject / of (C, 7) is called a 

Hom-coideal if A(J) C/®C + C®/and e(J) = 0. Then (£7/7,7) is a 

Hom-coalgebra. 

Let (H, a) be a Hom-Hopf algebra. A subobject / of (H, a) is called a Hom- 
Hopf ideal of H if it is a Horn-ideal and a Hom-coideal and S(I) C J. Then 
(H/I,a) is a Hom-Hopf algebra. 

8. The enveloping algebra of a Hom-Lie algebra 

In [12], the enveloping algebra of a Hom-Lie algebra is discussed. One would 
expect that this is a Hom-Hopf algebra, but such a result does not appear in 
|12j . Now consider a monoidal Hom-Lie algebra, this is a Lie- algebra (L, a) 
in T-L(A4k), and take the tensor algebra T(L). Then 

X = {[x,y] - x ® y - y ® x \ x,y <E L} C T(L) 
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satisfies the condition T(a)(X) = X, and we can consider the Horn-ideal I 
generated by X. We now verify that / is a Hopf ideal. Clearly e(X) = 0. 
For x,y G L, we easily compute that 

A([x, y] — x ®y — y ®x) = ([x, y] — x® 1/ + !/® x)®\ 

+ l®([x, y] - x <g> y + y ® x) G T®T{L) + T(L)®I; 

S([x, y] — x ®y — y ® x) = —([x, y]+y<g>x — x®y) G /. 

Now we define the enveloping Hom-Hopf algebra of L as T(L) /I. 
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